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239101KS 2007 MIDTERM EXAM: Answer all questions

(1) A production function is homogeneous if k:

J(txy,0x,) = tkf(xyxz)

This means (choose one):

(a) ¥ K< 1 decreasing returns
¥ K=1 constant returns
¥ K>1 increasing returns

(b) K>1 decreasing returns
K=1 constant returns

K<1 increasing returns

K K K

(c) t< 1 decreasing returns
t=1 constant returns

t>1 increasing returns

K K K

(d) t>1 decreasing returns
t=1 constant returns

t<1 increasing returns

K K K

The answer to this question is (a). This is the basic definition of
homogeneity. Scale economies will, with homothetic functions,
depend on the degree of homogeneity as measured by the parameter
t. For example, t=1 means we have constant returns to scale. When
t>1, then increases in output are greater than proportional to
increases in inputs.
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(2) Consider the production function

y= AKPI%P)  whee 1>8>0

- EXPLICITLY DERIVE demand for K and L for the profit
maximizing firm as a function of output and input prices.

- DEMONSTRATE that the production function is homogeneous of
degree one.

- DERIVE the Allen elasticity of substitution between K and L.

y=AK'I"' # ty=1AK'["' = A(iK)' (L)’

set up aLagrangian contrained opimization pooblem.
profit maximization requires cog minimization.

l=wK+rL" $(y" AK'L"")

Mg =r+8 KL =0

Wy =w+$(1" [)K'L' =0
$"1=W"l(1n I)K’L’ =r"l! K!"lLl"!

r)é&l" !

from our produdion fundion, with subditutions

I 1" && &l ! )l"!
y=AK'L :A((%( ! ;ir K

We now have inputdemandsas afundion of oufput

L8&r)&1" 1))

8&r) &l 1))’

&K)

dl —
xpmery, )
] - = _il- n i_ -

L r>\1r"1 dlog((&ﬁlf
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(3)

Consumer optimization implies
(choose -- only one of the answers is correct)

(a) that the cross-substitution effect ! xhi (p, u)/! pj (holding
the utility level u constant) between any two goods i and j out of
many goods (I > 2) is always positive.

(b) that the own substitution effect (holding u constant) for any
good is negative only if the number of goods | is equal to 2.

(c) that, if a certain good is an inferior good, then the Marshal
lian demand function (own price on the vertical, quantity on the
horizontal axis) for that good is upward-sloping.

(d) that the Hicksian demand function for good i (own price on
the vertical, quantity on the horizontal axis) is always shifted
upward, if the price of some other good j increases.

(e) that the Marshallian demand function for a certain good (own

price on the vertical, guantity on the horizontal axis) is flatter
than the Hicksian demand function, if that good is a nhormal

good.

Consider a drop in price. This implies an increase in demand.
However, on the compensated demand curve, the compensation
implies a loss of income (to compensate for the gain from the
price drop) and so the increase in demand is less than in the
uncompensated case. Similar logic applies for price increases.
This means the Hicksian demand curve will be steeper.
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(4) Assuming a CES production function, where
1/(

y:& )ixl.”.# 1>(>0
&l n

and y is output while X represents inputs. From the first order
conditions, we have:

— )#jg)”ig
xj—xl.l '
(7 %" %

Explain the definition and meaning of the coefficient o.

The coefficient ois the elasticity of substitution. It measures the ease
with which we can shift relative input quantities in response to relative
change in price. In other words it gives us the curvature of the
isoguant. This is easy to see if we rearrange the equation and take

logs:

xj OCJ.
In —|=0cln] — |+0cln

X; o, a)j

R d(xl./xj) (a)l./a)j)
d(wi/a)j) (x,./xj)

So that clearly ois the Allen - elasticity of substitution.

i

= dln(xl./xj)— dln(a)l./a)j) =0

(5) Explain Shephard® lemma and how it relates to the envelope
theorem.

Shephard® lemma tells us that the partial derivative of a cost function
with respect to input price is the input quantity. This is a special case
of the envelope theorem mapping partial derivatives evaluated at an
optimized solution to the solution values themselves.




